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Modeling of ICRH in Thermonuclear Fusion Plasmas 

Introduction to ICRH 

• Fusion conditions in a TOKAMAK reactor require 
a temperature of ~15 keV. Ion Cyclotron 
Resonance Heating (ICRH) is an established 
method for heating fusion plasmas. 

• ICRH is a method that can provide ion and 
electron heating, localized current drive and 
plasma control (e.g. sawtooth instability). Because 
of the versatility of the method detailed modeling 
is required to make predictions and interpret 
results. 

• Typical frequencies is in the range 20-100 MHz. 

• RF power is usually absorbed at the fundamental 
resonance of minority ions or at harmonics of 
majority ion species. The absorbed wave power is 
transferred to the bulk plasma through Coulomb 
collisions.  

Fast magnetosonic wave and damping 

• Antennas close to the plasma couple RF power to 
the fast magnetosonic wave (see fig 1). 

 

 

 

 

 

 

 

 

• Absorption and heating occurs mainly through ion 
cyclotron resonances, i.e. when ωwave~nΩ, where n 
= 1,2.. and Ω is the cyclotron frequency. Direct 
electron heating take place by electron Landau 
Damping and Transit Time Magnetic Pumping. 

Wave equation and dielectric tensor 

Propagation of the fast magnetosonic wave is 
described by the wave equation 

 

The dielectric tensor, ε = ε(ω,k), can be written as 
the sum of susceptibilities from various species  α 

 

 

 

 

 

 

 

 

 

The Hermitian and anti-Hermitian parts of the 
dielectric tensor describe the  propagation and 
damping of the wave, respectively. For hot uniform 
plasmas the susceptibility tensor for a species α can 
be obtained from kinetic theory (linearized Vlasov 
equation) 

 

 

 

 

 

 

 

 

 

where ωp0,α and Ω0,α are the frequency and 
gyrofrequency, respectively, Ωα is the relativistic 
gyrofrequency, p is the particle momentum, f0 is the 
distribution function, Jn are n:th order Bessel 
functions with argument z. Wave-particle interaction 
is the strongest when  

 

This resonance condition implies that the phase 
velocity of the wave is equal to the velocity of the 
charged particle, i.e. the particle experiences a 
constant electric field, which results in constant 
acceleration or deceleration during a longer time. 

Distribution function during ICRH 

The Fokker-Planck equation describe the evolution 
of the distribution function of a resonant ion species 
i, 

 

where v is the velocity vector, Q is the quasi-linear 
RF operator, C is the Coulomb collision operator, Si 
is a source term (e.g. for neutral beams) and L 
describe the losses (e.g. charge exchange and prompt 
losses). The quasi-linear RF operator gives the first 
order perturbation to the distribution function. 
Assuming that the phase difference is decorrelated,  
the wave-particle interaction during ICRH can be 
modeled through a diffusion process. Eq. (5) can be 
solved with FEM, finite difference or Monte Carlo 
methods. Dependent on the level of approximation, 
FEM and finite differences are more suitable for 
lower dimensions, while for higher dimensions 
Monte Carlo methods are preferred. 

Calculating the absorbed power 

• The absorbed power when solving the wave 
equation becomes (where χA is the anti-Hermitian) 

 

• The absorbed RF power when calculating the 
distribution function is given by 

 

 

Self-consistent modeling of ICRH 

In order to make accurate modeling of ICRH, the 
distribution function and wave field have to be 
calculated self-consistently. The reason for this is 
because the distribution function is dependent on the 
wave electric field, while the wave field depends on 
the response tensor, which depends on the 
distribution function. Because of the different time 
scales self-consistent modeling can be achieved by 
means of iterations. 

• The SELFO code solves the Fokker-Planck and 
wave equations in an iterative manner by using the 
FIDO and LION codes. For each iteration the 
FIDO code will update the distribution function 
for the heated species in order to calculate the 
susceptibility. The LION code will then read the 
susceptibility and calculate the wave field and the 
electric field needed for the next iteration. 

 

 

 

 

 

 

 

• The LION code is a wave solver based on the 
finite hybrid element method. It calculates the fast 
magnetosonic wave in axisymmetric geometries 
with arbitrary shape. The LION code does not 
include upshift and assumes E|| = 0, hence mode 
conversion is not correctly treated. 

• The FIDO code uses a Monte Carlo method to 
solve the Fokker Planck equations in 2D 
axisymmetry for shapes with circular cross-
sections and concentric flux surfaces. Monte Carlo 
test particles are represented by invariants of 
motion: 

 E  the energy 

 L  the magnetic moment 

 Pf  toroidal angular momentum 

 s  a label separating co/counter passing orbits 

Each particle represent a full orbit. Monte Carlo 
solver “pushes” particle orbits due to RF 
acceleration and collisions (see fig 3). 

 

 

 

 

 

 

 

 

 

 

 

 

 

Challenges with spatial dispersion 

The spatially dispersive nature of fusion plasmas 
makes modeling of ICRH a challenging task, with a 
response tensor that depends on the wave vector and 
the possibility of having several coexisting waves. 
The gyromotion of the particles and spatial 
localization of the resonance due to the 
inhomogeneity of the plasma induce the dominating 
spatial dispersive effects. Gyro motion affects the 
absorption and introduces new waves by mode 
conversion, such as kinetic Alfvén waves, Ion 
Cyclotron waves and Bernstein waves. Mode 
conversion, as well as upshift of k|| and finite Larmor 
radius effects are difficult to model. One solution is 
to Fourier decompose the wave equation but the 
calculation leads to dense matrices that are time 
consuming to invert. Since FEM methods are faster 
we are developing new numerical methods for 
calculating accurate wave fields and distribution 
functions in order to address these phenomena 
properly and efficiently. 

Future work 

I) Wave equation 

New methods to include the spatial dispersion in 
plasmas is currently being investigated [4-5]. One of 
the proposed methods is to use operator splitting, 
where the induced current in the wave equation is 
treated as a source function. i.e. 

 

 

where it is assumed that L is a linear operator on E 
and n is the iteration index. Traditionally, the current 
density is defined as Jind = σE, and by inserting it 
into Eq. (8) one can solve the wave equation. 
However, due to the complexity of the linear 
operator, is has been proposed to solve Eq. (8-9) by 
means of iteration, and using methods such as 
Minimum Polynomial Extrapolation method, which 
has provided converged results [4]. 

II) Distribution function 

Accurate modeling of the distribution function 
requires calculations in at least 3 dimensions (like in 
FIDO), which is very time consuming. For more 
accurate statistics we are developing new and better 
algorithms e.g. by implementing variance reduction 
techniques, quasi-Monte Carlo, Multi-level Monte 
Carlo, higher order convergence schemes etc. 

Supervisors: T. Hellsten & T. Johnson 

Fig 1, A2 antennas and ITER Like Antenna (ILA) at JET. 
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Fig 2, Power deposition wave field calculation with the SELFO/LION 

code. Left: RF power absorption. Right: Right handed circular 

polarized wave, E+. Antennas are shown in black. The figures show the 

results from a simulation of ICRH in an ITER-like plasma, which show 

strong screening around the cyclotron resonance of the E+ component. 
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Fig 4, Susceptibility calculation from the distribution function using the 

FIDO code. This is a case of high power H minority heating at JET. 
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Fig 3, Schematic diagram of the SELFO code. 
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